Partial Fractions
Jeremy Orloff

*Much of this note is freely borrowed from an MIT 18.01 note written by Arthur Mattuck.

1 Partial fractions and the coverup method

1.1 Heaviside Cover-up Method
1.1.1 Introduction

The cover-up method was introduced by Oliver Heaviside as a fast way to do a decomposition into
partial fractions. This is an essential step in using the Laplace transform to solve differential equa-
tions, and this was more or less Heaviside’s original motivation.
The cover-up method can be used to make a partial fractions decomposition of a proper rational
N . . .. . .

) whenever the denominator can be factored into distinct linear factors. We will see

s
that we can extend the coverup method to also deal with distinct quadratic factors.

function

Note. We put this section first, because the coverup method is so useful and many people have not
seen it. Some of the later examples rely on the full algebraic method of undetermined coefficients
presented in the next section. If you have never seen partial fractions you should read that section
first.

1.1.2 Linear Factors

We first show how the method works on a simple example, and then show why it works.

Example PF.1. Decompose into partial fractions.

_s=7
(s—D(s+2)
Solution: We know the answer will have the form

s =17 _ A 4 B
(s—D(s+2) s—1 s+2°

ey
To determine A by the cover-up method, on the left-hand side we mentally remove (or cover up with

a finger) the factor s — 1 associated with A, and substitute s = 1 into what’s left; this gives A:

s—=17
(s+2)

s=1 1+2

2 = A. 2)

Similarly, B is found by covering up the factor s + 2 on the left, and substituting s = —2 into what’s
left. This gives

s—17 _ -2-17 _3-38
(s—=1) =2 —2-1
Thus, our answer is
s—17 -2 3

G-D6+2)  s—1 " s+2 3)
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1.1.3 Why does the method work?

The reason is simple. The “right” way to determine A from Equation 1 would be to multiply both
sides by (s — 1); this would give

s—1 B

= A+ —-1). 4
(s+2) 51207 ©

Now if we substitute s = 1, what we get is exactly Equation 2, since the term on the right with B

disappears. The cover-up method therefore is just an easy and efficient way of doing the calculations.

In general, if the denominator of the proper rational function factors into the product of distinct linear

factors: P A A
(s) = Lo+ a;#a;,
(s—a))(s—ay) - (s—a,) s—a; s—a,

then A; is found by covering up the factor s — g; on the left, and setting s = g; in the rest of the
expression.

Example PF.2. Decompose into partial fractions.

s3—s
Solution: Factoring, S —s=s(s2=1)=s(s—D(s+1). By the cover-up method,

1 -1 1/2 1/2
ss=DGs+1) s  s—1 s+1

To be honest, the real difficulty in all of the partial fractions methods (the cover-up method being no
exception) is in factoring the denominator.

1.1.4 Quadratic Factors
There are multiple ways to deal with a quadratic factors that don’t have real roots.

1. Factor the quadratic factor into complex linear factors.
2. Use ‘complex coverup’

3. Use a algebraic techniques with just real numbers

We will show all three methods using the same example
s—1

Example PF.3. Decompose G(s) = ———M8M——
P P () (s+ D(s2+4)

by factoring the denominator into complex

linear terms

Solution: s—1 = s— 1 =4 + B + ¢
T+ D244 (s+D(s=2(s+2i)) s+1 s—=2i s+2i
Using coverup we see that A = —=2/5, B = (21.2_:_1)141.) = 4 ;031, C = 4 '2'_031, So,
-2/5 4 —-3i)/20 4+4+30)/20 =2/5 8s+12)/20 =2/5 2s/5+3/5
Gy T3 L Go30/20 (@4430/20 _ 22/5 (8541220 -2/5 | (s/5+3/5)
s+ 1 s —2i s+ 2i s+ 1 s2+4 s+ 1 s2+4
s—1

Example PF.4. Decompose G(s) = without using complex techniques.

(s+ D(s2+4)
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Solution: Notice that in the previous example in the last expression for G(s) the numerator of the
5% + 4 term in the partial fraction decomposition is a linear term instead of a constant. This is the
general rule for quadratic terms.

s—1 A Bs+C
= + .
(s+1)(s2+4) s+1 s2+4

&)

Notice the quadratic factor gets a linear term in the numerator. Notice also that the number of un-
known coefficients is the same as the degree of the denominator in the original fraction.

Using coverup we find A = —2/5. Now we can do some algebra to find B and C. Muliplying
Equation 5 through by the denominator gives
s—1=A(>+4) +(Bs+C)s+1)=(A+ B)s> +(B+C)s + (44 + O).
Equate the coefficients on both sides:
s>: 0=A+B
s: 1=B+C
s2: —1=4A+4C

Since we already know A, the first equation gives B = 2/5, and then the second gives C = 3/5.
Comparing this with the previous example we see we’ve found the same answer.

(s + 1)(s2+4)
Solution: This starts the same as the previous example.

Example PF.5. Decompose using ‘complex coverup’.

s—1 A Bs+C
(s+D(s2+4) s+1  s24+4°

(6)

Coverup gives us A = —2/5. To do complex coverup, mentally multiply the above equation by
s + 4 and then substitute s = 2i. We get

2i—1 3 4 4i
— BQi)+C
2yl - Ben+Ce

So, C =3/5and B = 2/5. (Same as before.)

=C+2Bi.

Example PF.6. Don’t be fooled by quadratic terms that factor into linear ones.

1 _ 1 __ A, B, C
(s+D(s2-4) (G+DE+2)(s=2) s+1 s+2 s=2

Example PF.7. Don’t forget that the rational function must be proper. For example, decompose
3
s°+2s+ 1
s2+s5—2

Solution: First, we must use long-division to make this proper.

using partial fractions.

SS+2s+1 55 —1 55 —1 A B
—=s5—-1l+——=5s-14+—————=5-1+ .
24s—2 ° 2ts—2 G+6-D ° s+2 T s—1

Using coverup we get A =11/3, B =4/3.
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1.1.5 Repeated Linear Factors

The cover-up method can also be used if a linear factor is repeated, but it gives just partial results.
It applies only to the highest power of the linear factor.

Example PF.8. Decompose ———.
(s=132(s+2)

Solution: We write
1 _ A B C

(s—1D2(s+2) (s—1)2+s—1+s+2'

Q)

To find A cover up (s — 1)?> and set s = 1; you get A = 1/3. To find C, cover up s + 2, and set
s=-2;yougetC =1/9.
This leaves B which cannot be found by the cover-up method. But since A and C are already known
in Equation 7, B can be found by substituting any numerical value (other than 1 or —2) for s in (7).
For instance, if we put s = 0 and remember that A = 1/3 and C = 1/9, we get

1/3 1/9
1 _ 13 B 1/

2 1 -1 27
giving B =—1/9.

B could also be found by applying the method of undetermined coefficients to the Equation 7; note
that since A and C are known, it is enough to get a single linear equation in order to determine B —
simultaneous equations are no longer needed.

The fact that the cover-up method works for just the highest power of the repeated linear factor can
be seen just as before. In the above example for instance, the cover-up method for finding A is just a
short way of multiplying Equation 9 through by (s — 1)? and then substituting s = 1 into the resulting
equation.

1.2 Partial Fractions: Undetermined Coefficients
1.2.1 Introduction

Logically this section should precede the previous one on coverup since it explains what we are
doing with partial fractions and shows an algebraic method that never fails. However, since most
students in this course will have seen partial fractions before it seemed reasonable to start with the
coverup method.

1.2.2 Rational Functions

A rational function is one that is the ratio of two polynomials. For example
s+1 s2+7s+9
—— and ————
s2+7s+9 s+1
are both rational functions.

A rational function is called proper if the degree of the numerator is strictly smaller than the degree
of the denominator; in the examples above, the first is proper while the second is not.
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Long-division: Using long-division we can always write an improper rational function as a poly-
nomial plus a proper rational function. The partial fraction decomposition only applies to proper
functions.

3
Example PF.9. Use long-division to write sz—:_Z—s—i-zl as the sum of a polynomial and a proper
e
rational function.
Solution:
s—1
s24+s—2 s+ 2s +1
3 452 =25
—-s> +4s  +1
-2 —s 42
5s -1
Therefore,
3 -
524+ 25+ 1 -1+ 5s—1 .
s24+s5—2 s24+s5—2

1.2.3 Linear Factors

Here we assume the denominator factors into distinct linear factors. We start with a simple example.
We will explain the general principle immediately afterwords.

Example PF.10. Decompose R(s) = _s=3 using partial fractions.
s=2)(s=1)
Solution:
s—3 _ A + B
(s=2(s—-1 s=2 s—1

Multiplying both sides by the denominator on the left gives
s—=3=A(s—-1)+B(s-2) )

The sure algebraic way is to expand out the right hand side and equate the coefficients with those of
the polynomial on the left.

coeff. of s: 1 = A+B

S—3=(A+B)S+(_A_2B)=>{coeff.ofl: -3 = -A-2B

We solve this system of equations to find the undetermined coefficients A and B: A =-1, B =2.
Answer: R(s)=-1/(s=2)+2/(s—1).
Note. Not surprisingly, using the coverup method by plugging the roots of each factor into Equation
8 would be easier because when you do this every term except one becomes 0.

Plugins =1 > —2=B(-1) > B=2

Plugins =2 > —1=A(1) > A=-1.

In general, if P(s)/Q(s) is a proper rational function and Q(s) factors into distinct linear factors
O(s) = (s —a;)(s —ay) -+ (s — a,) then

P A A A
() A 2 oy A

O(s  s—a s—a s—a,
1 2 n
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The proof of this is not hard, but we will not give it. Remember you must have a proper rational
function and each of the factors must be distinct. Repeated factors are discussed below.
3

§3-3s2—54+3

Solution: The hardest part of this problem is to factor the denominator. For higher order polynomials
this might be impossible. In this case you can check

Example PF.11. Decompose

5 =357 —s+3=(s— (s + 1)(s = 3).
The partial fractions decomposition is

3 __ A, B _C
=D+ Ds=3) s—1 s+1 s5s=3

Multiplying through by the denominator gives
3=AG+ 1D =3)+Bs-1)(s=3)+C(s—1(s+1).

Plugging in s = 1 gives A = —3/4, likewise s = —1 gives B=3/2 and s =3 gives C = —3/4.

1.2.4 Quadratic Factors

5s+6

Example PF.12. Decompose ——————.
(s2+4)(s—-2)

Solution: We write

5s+6 _As+B+ C

(s24+4)(s—2) s2+4 s—2° ©)

We first determine C by the cover-up method, getting C = 2. Then A and B can be found by the
method of undetermined coefficients; the work is greatly reduced since we need to solve only two
simultaneous equations to find A and B, not three.

Following this plan, using C = 2, we combine terms on the right of (9) so that both sides have the
same denominator. The numerators must then also be equal, which gives us

Ss+6=(As+ B)(s —2) + 2(s> + 4). (10)

Comparing the coefficients of s and of the constant terms on both sides of (10) gives the two equa-
tions
0=A+2 and 6=-2B+8,

from which A=-2 and B=1 .

In using Equation 10, one could have instead compared the coefficients of s, getting 5 = —2A + B,
leading to the same result, but providing a valuable check on the correctness of the computed values
for A and B.

In Example PF.12, an alternative to undetermined coefficients would be to substitute two numerical
values for s into the original Equation 9, say s = 0 and s = 1 (any values other than s = 2 are
usable). Again one gets two simultaneous equations for A and B. This method requires addition of
fractions, and is usually better when only one coefficient remains to be determined (as in the example
just below).
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1.2.5 Repeated Linear Factors

For repeated linear factors we need one partial fraction term for each power of the factor as illustrated
by the following example.

2s
$3(s+ 1D2(s +2)

Example PF.13. Decompose G(s) = using partial fractions.

Solution:
2s A B C D E F

G(s) = =—+=+—= + +
(s) S3(s+D2(s+2) s sz 03 s+l (s+1)?2 s+2

Here the denominator has a linear factor s repeated three times (term %), and a linear factor (s + 1)
repeated twice (term (s + 1)?); hence three partial fractions are associated with the first, while two
are associated with the latter. The term (s+2) which is not repeated leads to one partial fraction as
previously seen. You can check that the coefficients are

A=-5/2,B=1,C=0,D=2,E=2, F=1/2.

1.2.6 Repeated Quadratic Factors

Just like repeated linear factors, quadratic factors have one term for each power of the factor as
illustrated in the following example.

2s
s(s2+ 1)2(s2 +4s+2)
Solution: The partial fractions decomposition is

Example PF.14. Find G(s) = using partial fractions.

2s _A _Bs+C  Ds+E | Fs+G

G(s) = =
(*) s(s2+ 1)2(s2+4s+6) s 241 (s2+1)2 s2+4s5+6

Note the repeated factor (s> + 1)? lead to two partial fraction terms.

We won’t compute the coefficients —you can do this by going through the algebra.

1.2.7 Complex Factors

As in Example PF.3 we can allow complex roots. In this case all quadratic terms factor into linear
terms.

Example PF.15. Decompose s/(s> + »?) using complex partial fractions.

Solution:
s s A B
+

2+ @2 (s—iw)(s + iw) T s—iw  s+io
Multiplying through by the denominator gives s = A(s + iw) + B(s — iw).
Plugins =iow = A=1/2.
Plugins = —iw = B=1/2.
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