Pre-Calculus 12

Section 6.4 — Graphing Trigconometric Functions

e In Section 6.1 we looked at the Unit Circle. Remember that the Unit Circle has radius 1.
e Consider the Unit Circle as the Terminal Arm Rotates in a Counter-clockwise direction, with

the point (a, b) in the end of the Terminal Arm.

e But from this we get a very interesting
: Trigonometric Relationship.
e |f we consider SOH CAH TOA we get:

(10

. _Opp b _
Slnx—Hyp—l—

_Adj  a
cosx—Hyp—l—

e So, with that we can make the following observations:

i In the Unit Circle, the coordinate at the end of
| the terminal arm has values where: '

The a coordinate is the radian value of cos x
The b coordinate is the radian value of sin x

Looking at the Unit Circle, you can see that
both Cosine and Sine never exceed 1!

Test it, plug sin~! 1. 2 into your calculator.
You'll get Error 2. Because it Does Not Exist!!

(0,1

0,-1)

N[ R

P(a,b) = (cos x, sin x)

Oor2m

3
2
We get the following pattern when we consider how Sine and Cosine vary as x varies.

X y =sinx Yy = COSX
T
Otoi Oto1 1to 0
T _
Eton 1to 0 Oto—1
3 Oto—1 —1to0
Tto —
2
3 —1to0 Oto1l
— to 2m
2
1
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Pre-Calculus 12

Graphing a Sine Curve: A Wave Function

sin x is: Positive in Q1 and Q2
sin x is: Negative in @3 and Q4

y=sinx for0 < x <2m

Remember to consider the sign of the ratio depending on the Quadrant

Consider the Radian values in Quadrant 1, and then use reference angles for the other Quadrants.

Quadrant 1 Quadrant 3 (second value is the reference angle)
x 0| T n n n X m m Sm m 4r w 3m_m
6 4 3 2 6 6| 4 4 3 3 2 2
sinx | O 1 i_ V3 1 sin x 1 _i=_0_71 ‘/§_ -1
2 \/7_0'71 7=087 _E N —7——0.87
Quadrant 2 (second value is the reference angle) Quadrant 4 (second value is the reference angle)
X 2m_m 3m_m St m | m=0 x 5t mw m T Un _m | 2m=0
373 4 4 6 6 373 4 4 6 6
sinx | /3 1 1 0 sin x V3 1 1 0
2 —=0.71 — -—=-087 | ——==-0.71 -5
7 =087 7% 2 2 72 2

The curve shows the height of the terminal arm as it rotates (as the radian value x moves
from 0 to 27. You can see that as the Terminal Arm Rotates through the Quadrants, some of
the y — axis values are repeated. sinx, using reference angles, is Positive in Quadrants 1
and 2 (0 to m), then transitions into Negatives in Quadrant 3 and 4 (7 to 2m).

Here is the Terminal Rotating and a Sine Wave Function: sin x. You can see the height of the Terminal Arm

during rotation produces the wave as we move along the x — axis. This is one full rotation, called a Period.
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Pre-Calculus 12

Graphing a Cosine Curve: A Wave Function

y=cosx for0 <x <2m

e Consider the Radian values in Quadrant 1, and then use reference angles for the other Quadrants.

e Remember to consider the sign of the ratio depending on the Quadrant

e cosx is: Positive in Q1 and Q4

e cos x is: Negative in Q2 and Q3

Quadrant 1 Quadrant 3 (second value is the reference angle)
X 0 U3 U U T X m w Sm mw it mw|3m mw
6 4 3 2 6 6 4 4 3 3|2 2
cosx | 1| V3 1 1 0 |cosx| V3 1_ 1 0
VS _ — =071 = _v3_ ——=-—071| _2
;=087 | & 5 ;=087 | "3 >
Quadrant 2 (second value is the reference angle) Quadrant 4 (second value is the reference angle)
X 2t m 3w St m T=0 X 5t mw T 7 1in = 2m =10
373 4 4 6 6 373 4 4 6 6
T | 1 73 -
cosx 3 1 1 1 V3
_= —=-0.71 | _V¥°>_ _ cosx 1 ——o71 V3 _ 1
2 V2 2 0.87 > NG 5 = 0.87

The curve shows the horizontal length of the terminal arm as it rotates (as the radian value x
move from 0 to 2m. You can see that as the Terminal Arm Rotates through the Quadrants, some of

the y — axis values are repeated. cos x, using reference angles, is Positive in Quadrants 1 and 4,
Negatives in Quadrant 2 and 3. You may notice it looks similar to a Sine Wave, just shifted.

Here is the Terminal Rotating and a Cosine Wave Function: cos x. You can see the height of the Terminal Arm

during rotation produces the wave as we move along the x — axis. This is one full rotation, called a Period.

0,1)
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Pre-Calculus 12

Both Sine and Cosine Waves extend Horizontally to infinity in both directions. Each interval, as
previously mentioned, runs from 0 — 21 and we call this A Period.

Graph of y = sinx

Period =21 Domain: All Real Numbers Range:—1<y<1
~ 1
AR
/ \
/ \
/ \
/ \
-271T \ ol
\ /
\ /
\ /
\ 7
N/

Graph of y = cosx

Period =21 Domain: All Real Numbers Range:—1<y<1
~ yg 7
\ / 7/
\ / \ !
\ / \ /
\ / \ /
\ Y] \ Il
o117 § o) A ATT
\ ’I \ [’
\ 7] \ /
\ 7 \ 7/
\ N\ 7
N 1 N s
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Pre-Calculus 12

The above graphs can seem convoluted and challenging to grasp. If it helps, just start with the 4

T 3w
main angle measures in both sin x and cos x. Consider the Quadrantal Points (0, PREe 2m)

y =sinx

sin0 =20

Quadrant 3 Quadrant 4

2 Quadrant 1 Quadrant 2

sin2mr =0

This is one Period of a Sine Wave

A
v

Yy =cCosXx

cos0=1

Quadrant 3

7T—O
cos— =

cosT = —1 1 /2 217

3 Quadrant 4
cos— =0 Quadrant 1 Quadrant 2
2

N

cos2m =1 -1

This is one Period of a Cosine Wave

A
v
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Pre-Calculus 12

Amplitude

e We when looked at transformation y = af(x) was a vertical expansion/compression
e With trig functions we get similar results

y=asinx and y = acosx means the height of our wave is multiplied by the absolute
value of a or |a|.

e The height and depth of the basic wave always maxes out at 1 and —1 respectively
e Also, if a < 0 (negative), we have a reflection of the y — values in the x — axis

The graph below contains the comparisons between:

. 1, .
y = sinx y = 3sinx y = —3sinx

/

y = sinx; has amplitude of [1] =1

1 . . 1 1
y = -sinx; has amplitude of |-| ==
3 3 3

y = —3sinx; has amplitude of |-3| =3

Period

e We when looked at transformation y = fb(x) was a horizontal expansion/compression
e With trig functions we get similar results

For: y =sinbx and y = cos bx

Consider the period of bothis: 0 < x < 2m so that means, for sin bx and cos bx the Period is:

bx 2@ 2T
< - 0<x<—

< <2 S
0<bx<2m - = IB]

<

S| ©
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Pre-Calculus 12

e The Period is always positive, and denotes a compression/expansion of the given wave

Period = =
eriod = —

||
The graph below contains the comparisons between:
Yy = cos 3x y=cos§ y=cosx for0<x<2m

2T
' y = cosx; hasPeriod of — =2r&
(2/3,1) (27, 1) - (67 1) 1]

x . 2
y =cosz; has Period Ofﬁ = 61
3

e

) 2w 21
y = cos 3x; has Period ofm = ?

Phase Shift

e We when looked at transformation y = f(x — c¢) was a horizontal shift left/right
e With trig functions we get similar results

| Make sure you have factored

For: y=sinb(x—c) and y=cosb(x—c) | )
i out any b value first!
Example: Giveny = sin(2x — g) factor out the 2 toleave x. y =sin2(x — %)

By doing this we end up with:

2n T
Period of: m =7 Phase Shift of: Z to the right
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Pre-Calculus 12

For the sake of the examples, we will look at Sin Graphs, but the process is the same for Cosine.

Compare:

y = sinx y = sin(3x — g) y = sin 3(x —g)

The graph below contains the comparisons between:

y = sinx y=sin(3x—§) y=sin3(x—g) for0 <x <2m

|

y=sin(3x—%) - y=sin3(x——

| This stuff can get challenging.
Consider:

e The scale of your x — axis
e The Period

e Then the Phase Shift

e Faction Basics!!!

Adrian Herlaar, School District 61

n) i The second two are
i actually the same graph! |

6

y = sinx; has Period of 2w and
no Phase Shift

Both
y=sin(3x—§) and y=sin3(x—%)
Have:

21 T
Period of: ? and Phase Shift of: g to the right

So, the graph begins at %

And to find the coordinate that marks the end
i of the Period, add the phase shift to the Period:

2T T 41T T 51
q
3 6 6 6 6
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Pre-Calculus 12

Vertical Displacement

e We when looked at transformation y = f(x) + d was a vertical shift up/down
e With trig functions we get similar results

For: y=sin(x)+d and y=cos(x)+d
If d > 0 we have a vertical shift up d units
If d < 0 we have a vertical shift down d units

The graph below contains the comparisons between:

y = sinx and y = sin(x) + 2

y = sinx; has No Vertical Shift

y = sin(x) + 2 is shifted up 2 units

8

Summary of Trigonometric Transformations
Consider the form: f(x) =asinb(x—c)+d and f(x)=acosb(x—c)+d
Assume:a #0, b >0
Amplitude: |a| Phase Shift: (x — c) shift right c units (x + c) shifts left
c units

2w .
Period: 7 Vertical Displacement: d units d>0up; d<0down

9
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Pre-Calculus 12
Example 1: Find the amplitude, period, phase shift, and vertical displacement of the following

= — in® — 3x T
a) y=—2sinz(x—4)+2 b) 3cos(E-2)-1

Solution 1: Do not forget to factor out the b term, when necessary

a) y= —25in%(x—4)+2

Amplitude: |-2| =2 Phase Shift: Vertical Displacement:
. 21 6 x—4)=0 d=+2
Period: —7 = 2m - -
6 x=4 Shift 2 units up
= 12

Shift 4 units to the right

b) 3COS(%—%)—1 - 3COS%(X—§)—1

Amplitude: |3| = 3 Phase Shift: Vertical Displacement:
2 4 T _ d=-1
Period: 3 = 27-[-5 (x—g)—O
4 - Shift 1 unit down
8w =3

s
Shift 3 units to the right

e Now let’s put it all together and graph some trigonometric functions after transformations
e Consider the scale of your x — axis and remember to plot the 4 Quadrantal Points as Guides

10
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Pre-Calculus 12

Example2: Graphy = —2 sin%(x +3)+1

Solution 2:  Factor if necessary, identify the key information

Amplitude = 2
Phase Shift = —3 or 3 units left

Vertical Disp. = 1 unit up

" Period = - = 8
i Period ==
= @

Once you have your Period, divide it by 4 to the distance between the Key Quadrantal Points.

| Our Quadrantal (Peak, Original Height, Valley, Original Height) Points occur every 2 units.
In this case, being a Sine Wave, we start at —3, but are bumped up 1, (—3, 1), with amplitude of 2.

e Look out! Then a — value is negative, so we start down instead of up.

e So, the first valley occurs 2 units away but at an amplitude of 2, so (—1,—1).
e Then we are back to our starting height, 2 more units away, so (1,1)

e Then we hit our peak 2 units after that, so (3, 3)

e Then we are back to our starting point 2 units further (5,1)

Plot those key points and draw a smooth
curve between them.

You’ll notice since the Period was a whole
number; 8. The scale of the x — axis is 1.
This makes for easier plotting and
graphing of the curve.

11
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Pre-Calculus 12

Example3: Graphy = 3 cos(2x —3m) — 3

Solution 3:  Factor if necessary, identify the key information

.................................................................................................................................................

Amplitude = 3

i . 3w, .

i Phase Shift=y =3 cos(2x —3m) —3 — y=3cos2 (x — —) -3; > units to the right
Vertical Disp. = 3 units down

: . 2m

! Period=—=m

: 2

: . . . . . . n
i Once you have your Period, divide it by 4 to the distance between the Key Quadrantal Points. —

: T
i Our Quadrantal (Peak, Original Height, Valley, Original Height) Points occur every " units.

In this case, being a Cosine Wave, we start at the peak, so with an amplitude of 3, and vertical

b . . 3 .
i displacement of —3, we stretch from 1 to 3, then shift down 3 to 0, and right 771 to (3771, 0), with

e We start down from (37”, 0)

e So, if we move m/4 units right we end up at 7r/4 but down 3; (¥' —3), this is our midline
e Then we hit the valley /4 units right at an amplitude of 3, so (27, —6).

- . 9
e Then we are back to our midline, r/4 more units away, so (T”, -3)

. 10
e Then we return to our peak 77 /4 more units away, so (Tﬂ 0) or (7 0)

Plot those key points and draw a smooth
curve between them.

You’ll notice since the Period was m and
T Vs
the phase shift 5 we used a scale of "

for the x — axis. This makes for easier
plotting and graphing of the curve.

We take for granted your ability to find
equivalent fractions, the detail is not

provided here but assumed. Be careful.

(27.-6)

12
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Pre-Calculus 12

Example 4: Write the equation of the following graph in terms of both Sine and Cosine

(=2, 1) F(141)
O N 20,
(=10, —2) (6. =2)

Solution 4:  You can always find a Sine and Cosine representation, it just depends where you
start looking. For a Sine Wave you start at 0, for a Cosine Wave you start at 1 (Or
where necessary depending on Vertical Displacement and Amplitude). Considering
the infinite flow of a wave, you can start anywhere, so there are infinite possible
answers. Watch the scale of the Grid.

Start by identifying the key pieces.

Amplitude: |%| =; Period: 2711 — 16 Vertical Displacement:
1
- 2n _ m d= )
16 8
Phase Shift depends on our starting point.
For Sine: For Cosine:
Startatx = —6 Startatx = —2
3 . @ 1 3 T 1
y=§sm§(x+6)—§ y=§cos§(x+2)—§
Startatx = 2 Startatx = —10
3 . m 1 3 7 1
y=—§sm§(x—2)—5 y=—§cos§(x+10)—§
13
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Pre-Calculus 12

Graphing y = tan x

We have a specific trigonometric identity to consider when we discuss Tangent.

Recall that:

This provides us with an issue. We have a discontinuity in the Tangent graph. Why? Because by
the fraction, Tangent is undefined when cos 8 = 0.

When does this happen? It happens when:

And then every 1 after that. Remember our graphing, we have Vertical Asymptotes at this interval.

Period: m

Domain: All Real Numbers, but:

+nm, nisaninteger

N

Range: All Real Numbers

Amplitude: None for Tangent

Period of a Tangent Function

Much like Sine and Cosine, the Compression and Expansion of the Period is given by:

Period = —
erioa = —
|b|

Example: Find the Period of: tan 2x

14
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Section 6.4 — Practice Problems

1. Which function listed below, matches the details described in the columns

Graph A B C D E F

Amplitude 2 3 2 3 2

Period T T 3m 3m an 2m

3 3

Phase Shift n I 21 3n T T

3 6 T3 T4 3 6

Vertical Disp. -2 2 -2 3 3 -3

) =2 2( +2”) 2 @) =3 (2 +3)+3

fx)= cosgx 3 g(x) = 3 cos 3x >

h(x)z—ZsinZ(x——)—Z L

j(x)=—351n2(x+%)+2

i(x) =—2cos (3x — g) -3

3
k(x) = 3sin(zx —E) + 3

2

2. Match the f(x) function with the corresponding g(x) function, such that f(x) = g(x) for all x

a) f(x) =sinx

b) f(x) = —sinx

c) f(x) =cosx

d) f(x) = —cosx

Room to write down thoughts and work through ideas.

15
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A g(x) =cos(—x +m)
B g(x) =—sin (x —g)
C g(x) = cos (x —g)

D g(x) = cos (x +g)
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Pre-Calculus 12

3. State the Amplitude, Period, Phase Shift and Vertical Displacement for the graph of each given

function.
1 . T __l ; E
a) y:;s]n(z_x{—g)—l b) y = ZSIHTC(X+4)+1
c) y=—4cos§(x—1)+2 d) y:_cosze_x)

16
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)y =3sin(5—mx) -2 ) y=>cos2(x+5)

4. What is the Period of the following functions?

1 - _ T
a) y=2tan§x b) y= 2tan—x

17
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5. Write an equation in the form y = asinb(x — ¢) and y = acos b(x — c¢), where c is the
smallest positive numberanda > 0,b > 0

c) d)

(0.4) | (mid)
M -- (ta/s.2) | (1974, 2)

18
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e) f)
(1.7) (13,7)
T 1 T 1 T (2.73.'2}- (7.75.2)-
/
(10.0) 15.0) [ | (6.5,0)
0 (1,00 \ ° 0 0 2 (1.0) 6 8
™ B T (0.25,-2)  (5.25, —2) )
(7. ) ' i
g) h)
2
(13m/12.3) | (47m/12,3)
(9m/2,1) /\ ! / \
\1 —2
\ (l.lirt;"-l. 0) (77r/24.0)
| swho)y 2" A \{“\ of [ (3m8,0) \&& A
. (2, 1) j’ !
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(7a/6.1) (5m/2:1)

Py -

\ (57/6.0) / (1376, q)

j)

N

—_

/6, 0]
|

18, 2)

[(31m/24.2)| | ]

(n.0)

/4 Yz 3mi4 |

Sm/4_| 3mi2ymi4

6. Accurately sketch at least one full Period of the graph of: y = —3 sing(x +2)+1
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7. Accurately sketch at least one full Period of the graph of: y = 2 cos (gx + n) -1

4
—2
—1
4 -3 2 10 1 2 3.4
-1
—2
—-3
-4
8. Find a function in the form 9. Find a function in the form
y = asinbx + ¢ where there is a y = acos bx + ¢ where thereisa
maximum point at (2, 3) and the next maximum point at (2, 3) and the next
closest minimum point is at (6, —7) closest minimum point is at (6, —7)

21
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10. a) The graph below describes the function y = asinb(x — ¢) + d. Write a sine

equation to describe the graph if:

C \yj 4 5 6 7 8 9 10

| (if—'UW:

i)a>0 and ija<0

b) The graph can also be described as a function y = acos b(x — ¢) + d. Write a cosine

equation to describe the graph if:

o

See Website for Detailed Answer Key
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i)

iv)

i)a>0 and ii)a<0
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Extra Work Space

23
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